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Abstract: Detecting localised damage, such as small cracks in many structural components, is still a 
difficult problem in the field of structural health monitoring (SHM). A number of techniques have been 
developed in the past two decades for on-line detection and assessment of damage in various 
structures. The greatest challenge of the on-line SHM techniques is the correct interpretation of the 
collected data. For example, in passive SHM techniques it is very difficult to distinguish between the 
damage development and the change in loading and environmental conditions. This paper discusses 
the development of a new passive method of damage detection based on the most fundamental 
concept in Continuum Mechanics: the concept of compatibility of strain field, which was undeservedly 
overlooked in SHM techniques. The main feature of this method is its invariance to changing loading 
conditions. The examples considered in this paper demonstrate a good potential of this method for 
many practical applications.   
Keywords: crack detection, non-destructive evaluation technique, strain compatibility, structural health 
monitoring. 
1 Introduction 
Damage is a daily occurrence in mechanical and civil engineering structures. Defects, such as 
accidental or accumulated structural damage and deterioration due to mechanical or environmental 
influences, may significantly reduce a structures bearing capacities and lead to a catastrophic 
accident. For existing structures, the negative impact of mechanical damage can be reduced through 
early detection, assessment and monitoring. 
A traditional method of evaluating deterioration of strength and integrity is through testing samples 
removed from the structure. However, far more convenient and cost effective, are non-destructive 
detection techniques. Non-destructive evaluation methods using tap tests, X-ray, eddy current 
techniques, and visual and ultrasonic inspections are often time consuming, expensive, and the parts 
of a structure needing inspection, are not always accessible [1]. Furthermore, these methods cannot 
be applied to continuous evaluation of the strength, integrity and remaining service life of the structure, 
as the equipment required to carry out the inspections are usually bulky and require large amounts of 
power [2]. 
Advances in computer and electronic technologies have produced a large amount of opportunities to 
evaluate the condition of a structure continuously [1]. A great deal research has been carried out on 
the techniques of on-line structural health monitoring, to identify the onset and evaluate the progress 
of structural damage during operation. Due to the limitations and difficulties of the traditional damage 
detection methods, new non-destructive evaluation methods such as fibre optic [3], Lamb wave [4], 
frequency response [2], and other methods for continuous structural health monitoring have been 
proposed. The developments of these methods have become recognised as an important step in the 
improvement of the reliability and safety of many engineering structures. 
Structural health monitoring (SHM) as an industry, employs a wide variety of techniques and smart 
materials to monitor the health of a structure. All SHM methods are based on a particular physical or 
mechanical principle or utilise phenomena accompanying the damage evolution. For example, the 
acoustic emission method is based on the principle that the initiation and growth of fatigue cracks, 
failure of bonds and areas of corrosion emit ultrasonic acoustic signals, which can be sensed and then 
evaluated. Vibration based techniques rely on the fact that measured modal parameters (notably 
natural frequencies, mode shapes and modal damping) are functions of physical properties of the 
structure (mass, damping and stiffness). Therefore, changes of the physical properties, such as the 
loss of a load bearing member or a loosened connection, will cause detectable changes in these 
modal characteristics, which again can be sensed and evaluated. 
  
SHM in real-world systems still remains challenging for many reasons. In particular, time-varying 
loading conditions can, and do, cause false alarms, as damage in distributed structures is difficult to 
identify using realistically sized embedded or perimeter sensor arrays. In addition, damage prognosis 
is only feasible when detailed descriptions of potential failure modes are available [5]. However, it is 
not the purpose of this paper to review the advantages and disadvantages of various methods and 
smart materials, as many review papers and books have been published in this field [1,6]. The aim of 
this paper is to present a new damage detection technique, which is based on a very general physical 
and mathematical principle: the principal of strain compatibility. Careful literature review has indicated 
that this principle has been undeservedly overlooked in SHM techniques.  
The concept of compatibility has both mathematical and physical significance.  From a mathematical 
point of view, it asserts that the components of displacement match the geometrical boundary 
conditions, and are single-valued, continuous functions of position, with which the strains are 
associated. Physically, this means that the body must be pieced together with no voids, cracks or 
other discontinuities created in the deformed body. It is quite evident that the physical meaning of the 
principle of compatibility is closely related to the initiation and accumulation of the mechanical 
damage.  The major feature of this method is its invariance to the time-depended loading conditions 
and to the type of the damage accumulated. This method can be used in situations where the material 
response is not elastic as the strain compatibility equations holds for any material behaviour. The 
method can be used in conjunction with other techniques, which can then be used to determine the 
size and evaluate the severity of the damage [7]. 
2 Concept of Compatibility 
For a pristine plate subjected to in-plane loading there are six strain compatibility equations, first 
derived by Barré de Saint-Venant in 1860, which define the restriction on the state of strain field to 
ensure that the body will remain continuous [8]. Therefore, any discontinuity that forms in the plate 
would cause these equations to not be satisfied. For the proposed method, the compatibility equation 
for the plane parallel to the surface of a plate is considered, as the strains on the surface of a plate are 
to be measured. This equation can be expressed as, 
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where e is the normal strain, g  is the shear strain, and x and y are the Cartesian coordinates. 
 
Equation (1) describes the continuous deformation of a plate structure regardless of the stress state 
(plane stress or plane strain). The compatibility equation is valid for any material behaviour (elastic or 
plastic) and in the case of elastic deformations (1) can be rewritten in the following form, 
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where D is the Laplace operator.  
 
The same equation holds for relatively thin plates subjected to bending, as it follows from Kirchhoffs 
hypothesis for small-deflection theory or the so-called classical theory for isotropic, homogeneous 
elastic, thin plates [9].  
In a damage detection system, the differential equation, (1) or (2), has to be turned into a finite 
difference representation in order to be linked to discrete strain measurements. There are many 
suitable finite difference schemes, however, their discussion is out of scope of the current paper. This 
paper focuses on the central difference scheme, which requires only five sensors and produces the 
best accuracy with a minimum number of sensors as shown in figure 1a. The finite difference 
realisation of the compatibility equation (2) is, 
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where (ex + ey)i is the reading of the ith sensor (see figure 1a). 
 
A numerical example to demonstrate the effectiveness of the proposed method is considered in the 
following section. 
 
  
 (a) (b) 
Figure 1 (a) Cluster arrangement, (b) cluster position in a cracked plate subjected to simultaneous 
bending and tension. 
 
3 Example: Edge Crack 
As an example, a wide plate loaded by a tensile stress and bending moment is considered, as seen in 
figure 1b. With this type of loading, the finite difference equation (3), in the absence of damage, is 
satisfied exactly. This would imply that an ideal sensor cluster would be able to sense all damage, in 
any location, within the plate.  However, it is more realistic to assume the accuracy of the sensors is 
finite. To determine if damage is present, the calculated value of (3) (based on actual sensors 
readings) needs to exceed the maximum possible error due to the finite sensor accuracy.     
In this example, the detection of small cracks emanating from the free edge of a plate, and in a 
perpendicular direction to the applied load (as shown in figure 1b), is investigated. It is assumed the 
size of the sensors is very small and that sensors provide information regarding the mean in-plane 
strains with relatively high accuracy. This can be achieved by using either ordinary small strain gauge 
rosettes or the more cheap and efficient piezoelectric sensors.  The accuracy of such sensors varies 
from 0.1% to 5%. The effect of a finite size of the sensors and other effects can also be included into 
these values. For simplicity , it is also assumed that the crack grows due to fatigue and the size of the 
plastic zone in the vicinity of the crack tip is relatively s mall. 
If the error of a single sensor is d, then the maximum possible error in the finite difference 
representation of the compatibility equation (3) can be obtained and determined as being the worst 
combination of sensors readings, when no damage is present. For example, when uniform loading is 
applied the maximum possible error is Dmax = 8d.  
The stress and strain fields in the presence of an edge crack are calculated based on the standard 
distributed dislocation technique [10, 11]. This technique involves replacing the crack by a continuous 
distribution of dislocations, which are chosen to satisfy the requirement that the crack faces must 
remain traction free. The resultant strain field is given by: 
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where A = 1 - n  for plane stress and A = (1  2n)(1 + n) for plane strain, E is Youngs Modulus and n 
is Poissons ratio. Furthermore, By( x ) is the unknown dislocation density function, determined as part 
of the solution process, Gxx(x,y;x) and Gyy(x,y;x) are the x - and y - dislocation influence functions and 
( )xy¥s  is the remotely applied mode I stress. The influence functions are comprised of a singular 
Cauchy term as well as several non-singular terms, which are a specific function of the plate 
geometry. The complete equations are quite lengthy and as a result are not included here (see [10]). 
 
A crack with a certain length a/L emanating from the edge of a plate and its tip location defined by x - 
y coordinates, is detectable if the calculated strain compatibility equation satisfies the following 
condition, 
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where Dmax is some threshold value due to sensors error.  
 
The next three figures (Fig 2a-c) show the detection area versus the length and location of the crack 
for three different sensor errors. At every coordinate, the simulation has determined whether the edge 
crack, with its tip at that coordinate, is detectable.  The cluster is placed close to the edge of the plate 
and has an orientation, as shown in these figure 2a. Due to the symmetry of the detection area about 
the centreline of the cluster, only half of the detection area is shown in these figures. 
In figure 2a a uniform tensile stress field is applied. As expected, with an increase in sensor accuracy, 
there is an increase in the detectable area of the edge crack. If an edge crack had propagated in the 
same way as Crack A, the crack would be detected by the cluster, if the known sensor reading error 
was 0.5% or 0.1%. However, for an edge crack propagating in the same way as Crack B, the crack 
would not be detect by the cluster, if the sensor reading error was 2.5%, 0.5% or 0.1%. 
 
 
Figure 2a The detection area for an edge crack when a plate is loaded by uniform stresses. 
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Figure 2b The detection area for an edge crack when the plate is loaded by remote loading by remote 
stresses so(1 + 0.5x/L). 
 
 
Figure 2c The detection area for an edge crack when the plate is loaded by remote loading by remote 
stresses so(1 - 0.5x/L). The dashed line is the point of crack closure and occurs at a crack length    
a/L  3.28.  
 
In figure 2b a remote tensile stress field proportional to so(1 + 0.5x/L) is applied. From the figure, it 
can be seen that, with a positive stress gradient, the height of the detectable areas decreases slightly. 
However the detectable area behind the sensor cluster expands.  
In figure 2c a remote tensile stress field proportional to so(1 - 0.5x/L) is applied. From the figure, it 
can be seen that, with a negative stress gradient, the height of the detectable areas increases slightly. 
The dashed line in figure 2c represents the point in which the DDT model is no longer valid, as the 
crack is closed after this point. 
4 Discussion and Conclusion 
A new method of damage detection is first introduced in this paper, which is based on a fundamental 
concept of Continuum Mechanics: the concept of strain compatibility. The sensor cluster and 
technique, which utilises the compatibility conditions, can determine a violation of these equations for 
a localised area, which essentially means the presence of cracks, voids and other types of damage in 
vicinity of the cluster, can be detected. A major feature of this method is that it is invariant to time-
dependent loading conditions and to the type of deformations, i.e. whether plastic or elastic 
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deformations. Obviously, a sufficient number of such clusters can cover a large area to control and 
detect damage for large structures.   
Direct measurements of the location, type and severity of damage are possible but difficult with this 
method. However, with the use of piezoelectric sensors as the clusters nodes one can apply other 
piezo-based techniques in conjunction with this method to determine these parameters [12]. 
The focus of future work will involve detecting cracks propagating from stress concentrators as it most 
often happens in practical applications. To achieve this, the size of the cluster and the distance from 
the stress concentrator needs to be selected appropriately. This will include a similar analysis to the 
edge crack example and will involve the plotting of detectable areas for different crack locations, sizes 
of the cluster, and its orientation. Furthermore, the best finite difference representation of the 
compatibility equation needs to be investigated. 
In addition, this method is capable of being used for thin plates and shells subjected to bending. A 
very promising application of this method is the detection of the delamination damage in composite 
plates and shells. The methodology is quite simple and similar to what has been developed in this 
paper. Finally, the author would like to stress that the current paper represents a very first step in the 
use of this new principle in SHM problems.  
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